Introduction
In this paper, a graph, its vertex set and its edge set are, respectively, denoted by G, V (G) and E(G). The line graph of a graph G, denoted by L(G), is defined to be the graph with vertex set E(G), where two vertices of L(G) are adjacent if and only if the corresponding edges induce a 2-path in G. Decomposition of G is a partition of G into edge-disjoint subgraphs of G. If H 1 , H 2 , . . . , H t are edge-disjoint subgraphs of G such that E(G) = E(H 1 ) ∪ E(H 2 ) ∪ · · · ∪ E(H t ), then we say that H 1 , H 2 , . . . , H t decompose G. Furthermore, G is said to have
Main Results
First we consider the complete tripartite graph K 2,2,2 . Let X = {x 1 , x 2 }, Y = {y 1 , y 2 } and Z = {z 1 , z 2 } be the partite sets of K 2,2,2 . Then the 1-factors E 1 = {x 1 y 1 , x 2 z 1 , y 2 z 2 }, E 2 = {x 1 y 2 , y 1 z 1 , x 2 z 2 }, E 3 = {x 1 z 1 , x 2 y 2 , y 1 z 2 } and E 4 = {x 1 z 2 , x 2 y 1 , y 2 z 1 } give a perfect 1-factorization of K 2,2,2 . Thus it is easy to obtain a perfect set of Euler tours of K 2,2,2 and therefore we consider only p ≥ 3 in the forthcoming results.
In order to prove our main results, we construct the following 2p-regular tripartite graph. Let X p,p,2p−2 be a 2p-regular tripartite graph with partite sets
and X ′′ p,p,2p−2 be two p-regular spanning subgraphs of X p,p,2p−2 with edge sets
and X ′′ p,p,2p−2 are edge disjoint subgraphs of X p,p,2p−2 and hence we write
Lemma 1. The tripartite graph X p,p,2p−2 has a perfect 1-factorization for any prime p.
Proof. We deal the proof in three cases. First we show that the spanning subgraphs X ′ p,p,2p−2 and X ′′ p,p,2p−2 possess perfect 1-factorizations and then find a perfect 1-factorization in the whole graph. Figure 1 ). Let σ be the permu- 
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gives a 1-factorization of X ′ p,p,2p−2 . It remains to show that the 1-factors defined above form a perfect 1-factorization of X ′ p,p,2p−2 . Let G 1 and G 2 denote the complete bipartite graphs with partite sets {V 1 , V ′ 3 } and {V 2 , V ′′ 3 }, respectively, where
Since the partite sets of G 1 and G 2 have a prime number of vertices, {σ
gives a perfect 1-factorization within the subgraphs G 1 and G 2 of G ′ . Color the edges of σ i−1 1 (F ′ 1 ) with color i for 1 ≤ i ≤ p. Now remove the vertices c x and c y from V ′ 3 and V ′′ 3 , respectively. Then it is obvious that, for every i, 1 ≤ i ≤ p, there is an a i ∈ V 1 and a b i ∈ V 2 which are not represented by color i; join those vertices by an edge of color i. Now the resulting graph is isomorphic to X ′ p,p,2p−2 . Since {σ
gives a perfect 1-factorization within G 1 and G 2 , the operation defined above guarantees that the 1-factorization Figure 3 . Hamilton cycles in G 1 and G 2 .
given by {σ Figure 3 and Figure 4 , where edges of two arbitrary colors i and j are shown to induce a Hamilton cycle). Further, since the edges given by the 1-factor σ i−1
where the suffixes in b i are taken addition modulo p, is a 1-factor of X ′′ p,p,2p−2 as given in Figure 5 . Let σ be the permutation as defined in Case 1. Then {σ j−1 (F 2 ), 1 ≤ j ≤ p} gives a 1-factorization of X ′′ p,p,2p−2 . It remains to show that the 1-factors defined above form a perfect 1-factorization of X ′′ p,p,2p−2 . Let G 3 and G 4 denote, respectively, the complete bipartite graphs with partite sets {V 2 , V ′ 3 } and Figure 6 ). Then for the same reason as above, {σ j−1 1 (F ′ 2 ), 1 ≤ j ≤ p} defines a perfect 1-factorization within the subgraphs G 3 and G 4 of G ′′ . Color the edges of σ j−1
(F ′
2 ) with color p + j for 1 ≤ j ≤ p. Remove the vertices c x and c y , respectively, from V ′ 3 and V ′′ 3 . Then note that, for every p + j, 1 ≤ j ≤ p, there is a vertex a j ∈ V 1 and a vertex b j+1 ∈ V 2 which are not represented by color p + j; join them by an edge of color p + j. Clearly, the resulting graph is isomorphic to X ′′ p,p,2p−2 . Since the edges given by {σ
2 ), 1 ≤ j ≤ p} gives a perfect 1-factorization within G 3 and G 4 , it is guaranteed by the above operation that {σ
} is a perfect 1-factorization of G ′′ − {c x , c y }. Further, the edges given by the 1-factor σ j−1 1 (F ′ 2 − {a 1 c y , b 2 c x }) ⊕ a j b j+1 for any j, 1 ≤ j ≤ p, are exactly the same as defined by the 1-factor σ j−1 (F 2 ) and therefore {σ j−1 (F 2 ), 1 ≤ j ≤ p} forms a perfect 1-factorization of the p-regular tripartite graph X ′′ p,p,2p−2 . Case 3. Since X p,p,2p−2 = X ′ p,p,2p−2 ⊕ X ′′ p,p,2p−2 , it remains to show that for any fixed i and j, σ i−1 (F 1 ) ⊕ σ j−1 (F 2 ) induce a Hamilton cycle in X p,p,2p−2 .
In other words, it is enough if we prove that the edges of any two colors s 1 and s 2 , say, constitute a Hamilton cycle in X p,p,2p−2 when s 1 ∈ {1, 2, . . . , p} and s 2 ∈ {p + 1, p + 2, . . . , 2p}. Now, we consider the graph G = G ′ ⊕ G ′′ with two 1-factors of colors s 1 and s 2 , respectively from G ′ and G ′′ . We will prove that these two 1-factors induce a Hamilton cycle in G. For the sake of convenience, relabel the vertices of V 2 , V ′ 3 , V ′′ 3 as {y m }, {z m }, {t m }, respectively, where 1 ≤ m ≤ p, while the vertices {a 1 , a 2 , . . . , a p } are relabeled in the order {x p , x p−1 , . . . , x 1 }. Now the four complete bipartite graphs induced by the partite sets
and G 4 , respectively. Let us find the distance of the edges x i z j , y i t j , z i y j and t i x j , respectively, from the complete bipartite graphs G 1 , G 2 , G 3 and G 4 . Note that, by the definition of σ i−1
, if the edges of a particular color s 1 have distance k 0 in G 1 , then the edges of the same color s 1 in G 2 have distance p − k 0 for any k 0 ∈ {0, 1, . . . , p − 1}, where p − k 0 ≡ 0 ( mod p) (see Figure 7 for the edges of distance k 0 = 1 in G 1 and the edges of the same color in G 2 with distance p−k 0 = p−1). Similarly, by the definition of σ
, if the edges of a particular
Edges of G 4 color s 2 have distance l 0 in G 3 , then the edges of the same color s 2 in G 4 have distance p + 1 − l 0 for any l 0 ∈ {0, 1, . . . , p − 1} (see Figure 8 for the edges of distance l 0 = 2 in G 3 and the edges of the same color in G 4 with distance p + 1 − 2 = p − 1). Without loss of generality, consider the partite set V 1 . Then sum of distances of edges of the 2-colored 4-path x m z r 1 y r 2 t r 3 x n , 1 ≤ m, r 1 , r 2 , r 3 , n ≤ p, between the vertices x m and x n is k 0 + (p − k 0 ) + l 0 + (p + 1 − l 0 ) = 1. Since gcd(p, 1) = 1, it follows that the two 1-factors with colors s 1 and s 2 induce a Hamilton cycle in G. Now the removal of vertices z p and t 1 breaks the Hamilton cycle into a path or two paths according as the 2-paths with middle vertices z p and t 1 have a common vertex or not. Suppose that the edges incident with z p and t 1 have no vertex in common. Then the removal of z p and t 1 breaks the Hamilton cycle into two paths with their end vertices in V 1 and V 2 . Without loss of generality, suppose that the removal of vertex z p removes the edge that represents color s 1 at x i ∈ V 1 . Then, the removal of t 1 must remove an edge that represents color s 2 at some other vertex x j ∈ V 1 . Consequently, deletion of z p must also remove an edge of color s 2 at y k ∈ V 2 and t 1 must remove an edge of color s 1 at another vertex y r ∈ V 2 . But, from the pattern in which the graphs X ′ p,p,2p−2 and X ′′ are constructed, there must be an edge of color s 1 between x i and y r , say e ′ , in X ′ p,p,2p−2 and an edge of color s 2 between x j and y k , say e ′′ , in X ′′ p,p,2p−2 . The two path components obtained from the Hamilton cycle after removing the vertices z p and t 1 can be one of the following type:
(i) one path with end vertices x i and x j , other with ends y k and y r .
(ii) one path with ends x i and y k other with ends x j and y r . (iii) one path with ends x i and y r , other with ends x j and y k .
Paths of type (ii) cannot exist, since they form two cycles along with the removed 2-paths, contradicting the Hamilton cycle. Paths of type (iii) cannot exist, since a path between x i and y r should be of even length having the same color edges at the ends, but no such path exists. Thus paths of type (i) exists. Hence the paths of type (i) along with the edges e ′ and e ′′ form a Hamilton cycle (see Figure 9 ).
Paths of type (i)
′ , e ′′ } form a Hamilton cycle.
Suppose edges incident with z p and t 1 have a common vertex, say x i ∈ V 1 . Then the removal of z p and t 1 from the Hamilton cycle has a single path between y k and y r and the isolated vertex x i . In such case, the path between y k and y r along with the edges e ′ = x i y r of color s 1 in X ′ p,p,2p−2 and e ′′ = x i y k of color s 2 in X ′′ p,p,2p−2 form a Hamilton cycle in X p,p,2p−2 . Since the colors s 1 and s 2 are arbitrary, it follows that F = {σ i−1 (F 1 ), σ j−1 (F 2 ), 1 ≤ i, j ≤ p} gives a perfect 1-factorization of X p,p,2p−2 . Thus the lemma is proved.
Remark. Let us partition the color classes into two sets, namely, A = {1, 2, . . . , p} and B = {p + 1, p + 2, . . . , 2p}. Since the edges of any two colors induce a Hamilton cycle in X p,p,2p−2 and since there are 2p colors, we can construct 2p − 1 different Hamilton cycle decompositions in X p,p,2p−2 . Now we consider the different Hamilton cycle decompositions H 1 , H 2 , . . . , H 2p−1 of X p,p,2p−2 in two types as follows.
